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ABSTRACT

In this paper, three kinds of explicit local meshless methods are compared: the local method of
approximate particular solutions (LMAPS), the local direct radial basis function collocation method
(LDRBFCM) which are both first presented in this paper, and the local indirect radial basis function
collocation method (LIRBFCM). In all three methods, the time discretization is performed in explicit
way, the multiquadric radial basis functions (RBFs) are used to interpolate either initial temperature
field and its derivatives or the Laplacian of the initial temperature field. The five-noded sub-domains are
used in localization. Numerical results of simple diffusion equation with Dirichlet jump boundary
condition are compared on uniform and random node arrangement, the accuracy and stabilities of these
three local meshless methods are asserted. One can observe that the improvement of the accuracy with
denser nodes and with smaller time steps for all three methods. All methods provide a similar accuracy
in uniform node arrangement case. For random node arrangement, the LMAPS and the LDRBFCM
perform better than the LIDRBFCM.

collocation method (LIRBFCM)

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

During the last two decades the meshless methods have been
developed and effectively applied to solve many engineering and
science problems [1-4]. There are plenty of meshless methods
under development [5-7]. There is a class of meshless methods
that focus on the use of radial basis functions [8], such as radial
basis function collocation method (RBFCM) [9-13]. The radial
basis functions (RBFs) have been first under intensive research in
multivariate data [12] and function interpolation [14]. Kansa used
them for scattered data approximation in [12] and pioneered the
solution of PDEs [13], that is why the method is sometimes called
the Kansa’s method. The key point of the RBFCM or Kansa’'s
method for solving the PDEs is the approximation of the fields on
the boundary and in the domain by a set of global approximation
functions. The main advantage of using the RBFCM for solution of
PDEs is its simplicity, applicability to various PDEs, and effective-
ness in dealing with high dimensional problems and complicated
domains. The method has been recently applied to many scientific
and engineering disciplines. It has been used in the heat transport
context in 1998 by Zerroukat et al. [14], in the context of porous
media flow by Sarler et al. [15] in 2000, in the classical De Vahl
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Davis natural convection problem [16] by a symmetric and
modified collocation in 2005 by Sarler [17]. The main disadvan-
tage of RBFCM represents the related full matrices that are very
sensitive to the choice of the free parameter in RBFs and difficult
to solve for problems with a large number of unknowns. This is
because the use of the radial basis function interpolation
increases the condition numbers of the related matrices with
increasing number of nodes. This is especially true for bad choice
of data centers and when infinitely smooth basic functions such as
multiquadrics is used with extreme values of their associated
shape parameter. There are several methods to circumvent this
issue such as domain decomposition [18,19], the greedy algo-
rithm [20,21], extended precision arithmetic [22], the improved
truncated singular valued decomposition [23], etc.

One of the possibilities for mitigating computational cost for
large-scale problems is to employ the domain decomposition by
Mai-Duy and Tran-Cong [24], multi-grid approach and compactly
supported RBFs by Chen et al. [25] in 2002, which all represent a
substantial complication of the original simple method. To avoid
fully populated matrices, various localized meshless methods
have been recently developed, such as the local quadrature based
RBF approach by Shu et al. [26] in 2003, local multiquadric
approximation using large sparse matrix by Lee et al. [27], and
other local meshless methods in [28,29]. Among them, the local
RBF collocation method was developed by Sarler and Vertnik [28]
in 2006, the main issue of the local version of the RBFCM is the
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collocation on a sub-set of, in general, overlapping sub-domains,
which drastically reduces the collocation matrix size on the
expense of solving many small matrices with the dimension of the
number of nodes included in the domain of influence for each
node instead of a large collocation matrix. Since the method does
not experience significant accuracy drawback in comparison with
the global version, it has been applied to many complex PDEs,
industrial applications and large-scale problems.

In this paper, we focus on three explicit local collocation
methods for solving heat diffusion equations. The first method is
the localized method of approximate particular solutions (LMAPS)
which is the localized version of the method of approximate
particular solutions (MAPS). The global MAPS was developed for
the variance coefficients elliptic problems in [30], the local
formulation LMAPS will be presented in this paper and applied
to time dependent problems. The second method is the direct
local RBF collocation method (LDRBFCM). It was first introduced
for diffusion problems in [28]. The results in the paper show the
accuracy and efficiency. Many authors apply the LDRBFCM to
more complex problems such as convection-diffusion problems
with phase-change [31], continuous casting [32], solid-solid
phase transformations [33], and Navier-Stokes equations [34],
Darcy flow [35], turbulent flow [36], etc. The third method we are
comparing is the indirect local RBF collocation method (LIRBFCM)
which was introduced in 2002 by Mai-Duy et al. [37] in its global
form. This method was used to approximate derivatives of
original functions and a closed form of original function
approximation can be obtained. The global DRBFCM and IRBFCM
were compared for approximations of function and corresponding
derivatives, the IRBFCM approach yields a superior accuracy with
uniform nodes. In [38], the indirect method with thin plate splines
RBF was studied. We localize the IRBFCM in this paper and apply
it to diffusion equation. Overall, the LMAPS and the LIRBFCM are
new techniques, which are explicit localized version of the MAPS
in [30] and the IRBFCM in [37], respectively. The LDRBFCM was
first introduced in [28] in 2006.

The organization of the paper is as follows. In Section 2, the
governing equation is given. In Section 3, we give a brief
introduction of explicit time stepping strategy, theoretical back-
grounds of the LMAPS, the LDRBFCM, and the LIRBFCM are given.
Extensive numerical comparisons in the sense of the accuracy and
the stability of the three methods for the diffusion equation with
Dirichlet jump boundary condition are given in Section 4 as a
function of the number of nodes, the node distribution (uniform,
non-uniform), and time step length. In Section 5, we draw
conclusions regarding the assessment of the methods used.

2. Governing equations
Consider a dimensionless diffusion equation defined on
domain @ with boundary I’

ol -
5=V M

with initial condition
T(p,to)=To, PeQUI )
and Dirichlet boundary condition

T(p,t)=Tp,

Let At be the time step length. We seek the solution T of the
governing Eq. (1) in Q at time tp+At by assuming the initial
condition (2) and boundary condition (3).

t>ty, perl. 3

3. The three meshless methods using radial basis functions

In this section we structure the three local meshless methods:
the LMAPS, the LDRBFCM and the LIRBFCM. Time stepping
strategy is one of the most popular methods for obtaining
numerical solutions of time dependent partial differential equa-
tions. For te(to,to+At], the time discretization is made by the
following approximation:

oT _T-To
ot At
then T in (1) can be approximated as

. VT~ VT, 4

T(p.to+At) ~ T(p,to+ At) = To+AtV?Ty, peQUT. 5)

This is commonly used explicit time stepping strategy that
approximates T(p,to+At) by using entirely the temperatures at the
initial time to in Q and the boundary condition at to+At on I.

Throughout the paper, the following node notations are used.
The points we choose in QuI'are denoted by py; k=1,2,...,N,
where N represents the total number of nodes. The region QU I' is
divided into N overlapping sub-domains ;2; [=1,2,.,N. The
schematic of the node distribution with typical sub-domains is
shown in Fig. 1. Each of the sub-domains consists of ;N points p;
that coincide with some of the global points py; k=1,2,...,N. There
is a relation between the global and the local point with indexes
on each of the sub-domains: k=k(l,n). The k(l,n) is a function of
the local sub-domain index I and local index n. It follows that

Pym=/P: [=12...N, n=12,.,N. (6)

For convenience, in this paper we will only focus on 2D case;
i.e., for peQ,

p=Xy). (7)

3.1. Involved RBFs

In all the methods in this paper, the types of radial basis
functions can be chosen as needed, but the corresponding
differentiations and integrations are needed. They can be easily
obtained by hand or by symbolic mathematical software. In this
paper, we use the following multiquadrics (MQ) RBF:

Y= Vr2+c @®)

in 2-D and the corresponding related functions are listed below.
For the LMAPS, the derivation of particular solution can be
found in [40]

P =LA +r)Vir2+c2-1c3 ln<c+ r2+c2>. )

05
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205 0 “os

Fig. 1. The 11 x 11 uniform node arrangement and the schematics of the
local domains of influence in interior, at the near boundary and at the corner
using ;N=5.
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For the LDRBFCM, by direct differentiation we have
2 4+2¢?

(r2+c2)!>’

For the LIRBFCM [24],

P (p) = //lﬁ(HD—PcH)dxdx

= (R —20-y? -2 )2

@)= V2Y(r) = (10)

+ %(X_Xc) [Of—yc)z + cz] In [(r2 +cAH)2 4 (X_Xc)] . (11

PW(p) = / Y(Ip—pcdydy
= %((y—yc)2—2(x—xc)2—262)(r2 +c2)1/?

0y ex? + ][+ o] (2)

3.2. LMAPS

In this approach, the formulation of the problem starts with
the representation of the Laplacian of the original function (initial
temperature field) with RBFs, the original function is then
obtained by integration. Assume that

N
Vo) = > Y(Ip—Pegmitn: P2, (13)

n=1

where i is a RBF and llell is the Euclidean norm. For RBF
V(| p—p.||) with the center pe=(x.y.), we denote

r=lp—pcll = \/ x—x)* +(-yc)*. (14)

Note that in 2-D case due to the symmetry of RBFs

e 14 (@)
V=1 g (r 7).

rdr s

Then the inverse of Laplacian on RBF y(r) is

P(r) = /]?/rl,l/(r)drdr, (16)

where V2¢(r)=y(r). Note that the integration of (16) has to be
treated with care. There are two arbitrary constants to be
determined. In some cases such as MQ, one has to choose these
two arbitrary constants in such a way to cancel the singularities
[40]. The function ¢(r) is called a particular solution for Laplacian
operator V2 with respect to the RBF (r). The Laplacian on
temperature To(p) is then integrated to yield an expression for the
original function:

N
To@)= Y dUP—Prn!itn (17)

n=1
The unknown coefficients o, n=1, 2,..., ;N are determined by
collocation
N
To@kam) = Y _ PUPkam—PranmDi%n  Pram €12, m=1,2,..,N.

n=1
(18)
The system of equations can be written in a matrix vector
notation
T= @0 lq)mn:d)(llpk(l,m)_pk(l,n)”)v Tm) =ToPygm).  (19)

where o =[0t1 03 - ~1Nozn]T and @, is the entry element of the
matrix of | ® at m row and n column. The coefficient ;& can be

represented by inverting system (19)

o=@ T (20)
By taking into account the expressions for the calculation of

the coefficients ;o the indirect collocation representation of

function To(p) on subdomain ;2 can be expressed as

N N

To@= > > PPt )P ToPrim) 30

n=1m=1
Then the operation of the Laplacian on temperature To(p) at
initial time at the global point p on sub-domain ;€, V2To(p), can
be expressed as
N N
VTo@ = Y. > v(p—PemDi®mn To@rm) 22)

n=1m=1
As a result, every quantity in (5) is known except the
temperature at point p, k=1,2,...,N at t=tp+At, and it can be
calculated by
lN IN

T(pto+A) = To@)+AL > > Y(IPk—Prgm )i Pon To(Prtmy)-

n=1m=1
(23)
This completes the formulation of the LMAPS.

3.3. LDRBFCM

In this approach, the formulation of the problem starts with
the representation of initial conditions with RBFs. The derivatives
are then calculated by differentiation of the RBF representation.
Assume that the temperature is represented on each of the sub-
domains by N RBF's Y/(Ip—Pyy ) and z,n=1,2,..,N; ie.,

N
To® = Y Y(IP—PanNon, Pe Q. 24
n=1

It follows that

N
I
Vo = Y VY(Ip—Pygn)on, Pe Q. 25)

n=1

The coefficients ;o are determined by collocation

N
1
ToPram) = Y WIPkim—PramDitn,  Pram €12 m=1.2,.,N.
n=1
(26)
This can be written as
T=Ya, 7

with the matrix element ;¥,,, of the matrix ;¥ denoted as

1 in = VP my—Pram - (28)
We determine the coefficients o« by inverting the matrix ¥

(e ¥ ', ¥=1)

o=¥"T (29)

with the matrix element (¥~'),,, of the matrix ¥~' denoted as

;.1 which implies that for p e ,Q

N N

To@= > > YDP—Prn)¥mn ToMrim): (30
n=1m=1
and
IN IN
VT = Y. > VAYUP—Prn ¥ mn ToPrg,m)- 31
n=1m=1

Let ¢(r)=V?y(r). Then the operation of the Laplacian on
temperature at initial time at the global point p,V2Ty(p) is



G. Yao et al. / Engineering Analysis with Boundary Elements 35 (2011) 600-609 603

obtained as

lN lN
VTo@= Y. > @Up—Pim!)¥m ToPrm)- (32)

n=1m=1

As a result, every quantity in the right hand side of (5) is

known except the temperature at point p,, k=1,2,...,N at
t=to+At, and it can be calculated by
R NN
T®rto+A0 =To@+AL Y~ >~ @UP=Prqn) ¥ un ToPrctmy)-
n=1m=1
(33)

This completes the formulation of the LDRBFCM.
3.4. LIRBFCM

In the indirect RBF collocation method, the formulation of the
problem starts with the representation of the second derivatives
of the original function (initial temperature field) with RBFs, the
original function is then obtained by integration. In 2D case,
suppose the original function is the initial temperature field
To(x,y), and its partial derivatives 8*Ty(x,y)/0x2and &*Ty(x,y)/dy>
are to be approximated. To illustrate the procedure, the detail of
IRBFCM to obtain & Ty(x,y)/ox2is described as follows: assume the
second partial derivate of To(x,y)with respect to the variable £=x,y
is first approximated in terms of RBFs, i.e.

PT,
ag(p) Z Y(IPp—PigmDiotn, P Q. (34
n=1
Assume
O ®) = [[i1D-Pi ddE. (35)

Note that @5 in (35) is no longer a radial basis function. The
original temperature field can be given by

IN .
To®) = Y Piin®i%n P, (36)

n=1

The coefficients ;o are determined by collocation

N
[ v
ToPram) = > PicimPrcm)i%n Pram €12, M=12,.,N.
n=1

37
This can be written as a ;N x ;N linear system

T=F®u, 38)

with the element ..“®, .. of the matrix ;*® defined as

@ = 0 Pram) (To(m) =To@yym), m=1,--- N,  (39)

where m=1,...,,N. By taking into account the expressions for the

calculation of the coefficients ;& the indirect collocation repre-

sentation of function To(p) on subdomain ;2 can be expressed as
N N

To@) =) Z Priny @) Py To Pt m) (40)
n=1m=

The spatial second derivative of To(p) on subdomain ;2 can be

expressed as

02T,
o) _ Z Z YP—Prm N To(Prtm): @1
aé n=1m=1

Thus, the second partial derivative of Ty(x,y) with respect to the
variable x and y can be approximated as

T,
To®) _ S~ ™ 1 pag PO TotBim)

n=1m=1

#To(p)
oy?

Z Z Y(IP—Pri D} Pt ToPiitmy)- (42)

n=1m=1

The operation of the Laplacian on temperature at initial time at
the global point p,V2Ty(p), is obtained as

2 _ &Top) |, &To(p)
v To(p)_ axz ayz
IN IN
=30 N p—Pran DGR+ O To ey (43)
n=1m=1

As a result, every quantity in the right hand side of (5) is

known except the temperature at point p,, k=1,2,...,.N at
t=to+At, and it can be approximated as
. N N
TPrto+AD) =To@+AL Y > Y(IP—Prn NG Py
n=1m=1
AP O ToPrgm)- (44)

This completes the formulation of the LIRBFCM.

4. Numerical results

Through this section, we investigate the performance of the
three explicit local meshless methods that can be implemented on
evenly or randomly distributed nodes. The computer program has
been coded in double precision using GNU Fortran compiler. All
numerical results have been run on an Intel Core 2 2.66 GHz 64
bits computer.

The similar multiquadrics scaling technique as in [39] is
introduced to alleviate the difficulty of choosing shape parameter
in multiquadrics. The scaling parameter rq is the maximum nodal
distance in the sub-domain

VE&=x)+ =), =@y, P =Xy € Q.

(45)

The parameter c in all RBFs and corresponding derivatives and
integrations are replaced by cry. Hence, a large shape parameter of
multiquadrics RBF can be used in the numerical implementation,
in this paper c=100 is used.

For both uniform and non-uniform node arrangement, we
leave out the corner points for simplicity. The profile of 51 x 51
uniformly distributed nodes is shown on the left of Fig. 2. The
random nodes are generated from the uniform nodes through the
following transformation:

fz él + Crand€Tmin» (46)

ro=_ max T1j;=
1<ij<N

0.5 0.5

-0.5 -05
-0.5 0 0.5 -0.5 0 0.5

Fig. 2. The 51 x 51 uniformly distributed nodes on the left, and the randomly
distributed nodes with random displacement factor ¢=0.2 on the right.
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where ¢&; is coordinate of node p;=(X;y:), Cranqd iS5 a random
number between 0 to 1, rpyi, denotes the minimum distance
among different uniform points, ¢ stands for a displacement
factor. The profile of 51 x 51 randomly distributed nodes with
displacement factor £=0.2 is shown on the right of Fig. 2. Larger
displacement factor generates increasingly random node arrange-
ment. The parameter ;N stands for the number of points in the
local sub-domain: ;N=5 is used throughout this paper, Ah stands
for the minimum distance among the given nodes.

Example. Let domain ©Q be unit square [—0.5,0.5]%. Consider
diffusion equation

G. Yao et al. / Engineering Analysis with Boundary Elements 35 (2011) 600-609

and Dirichelt jump boundary condition

Tx,y,t)=0, Xy el,t>0. (49)
The analytical temperature is given by [41]
16
T(X,Yv t) = ? Tana(xy t)Tana(yvt) (50)
with &=x.y,
< (—1)exp[—(2i+1)? nzt]cos[(21+1)m§]
Tana(évt) = Z 21+1 (51)
The absolute error, the maximum absolute error and

oT . . .
L k) = VP T, (xy)eQ, t>0, 47) the average error of the numerical solution at time t are
ot defined as
with initial condition Taps = | TP, ) —T(Py, k=1,2,...,N
Tnax = max |TPwt)—T(Py
Ty, 00=1, (xy)eQUT 4g)  Tmoc= max |T(p0-T(p
Analytical Temperatures Analytical Temperatures Analytical Temperatures
3 I =
= il “ﬁ“‘ i w ; o ’t‘a'n,,-'lr.',":,; A
q \ i T ; o I
N i %\Iﬁm‘{‘ iy % fﬂ;’f . i ﬁ"’-’""":':“:\‘\3‘\“\\\‘““‘“ N
g ! i HH & ;j;;f;;:{,,,,,f;;;f
(! #M I
il ] l ff!w, ~,|-.|\m\'.
Waﬂ'mﬂﬂfn‘% il “\},““mu\um
y 05 -0.5 X ¥ 0505 X
Fig. 3. The analytical temperatures at time t=10"2, t=10"2and t=10"" from left to right.
t=10" t=102 t=10"
10° 10° 10°
——LMAPS ——LMAPS ——LMAPS
-+- LDRBFCM -+- LDRBFCM -+- LDRBFCM
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Fig. 4. Errors as a function of size of time step at different time with 51 x 51 uniform nodes.
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1 -
T = > [ T@RO-T@1), (52)

k=1

where T and T stand for numerical and analytical solutions,
respectively. Fig. 3 shows the profiles of the analytical solutions at
t=0.001, 0.01 and t=0.1. At t=0.001, the temperature field
experiences big jump near boundary area, and this is very
challenging and interesting state to approximate. When t=0.01,
the temperature fields become smother. The accuracy of
approximations at this time appears higher.

Fig. 4 shows the accuracy of the solution as a function of the time
step length. The average errors and maximum absolute errors are
calculated on 51 x 51 evenly distributed nodes at t=0.001, 0.01 and

605

0.1. For the short times t=0.001 and t=0.01, all three methods
represent the same accuracy on both average and maximum errors,
and the errors can be significantly improved when changing the
time step length from 10~* to 10~>. For longer times such as t=0.1,
all errors are extremely small, and there is no much difference
among these three methods. On the other hand, when we decrease
the size of the time steps to 10~°, the errors of all three methods are
not decreasing anymore. This is because for further decrease of the
error, also space discretization needs to be refined.

Fig. 5 shows the stability of these methods with respect to the
minimum distance among the given nodes, where in this figure the
size of time steps is chosen as At=10"5, and time t=0.001, 0.01 and
0.1. One can observe the improvement of the accuracy with denser

t=10"3 t=10"2 t=10"
100 10" 100
-2 -2 -2
® 10 0 10 ® 10
o (<] o
w | w
o 10+ 2 103 o 10*
g g g
[0} ] o |\ ===
2 2 E R S
106 10 106
—o— LMAPS —— LMAPS —o— LMAPS
-+~ LDRBFCM —_+- LDRBFCM -+~ LDRBFCM
-« LIRBFCM <. LIRBFCM -« LIRBFCM
108 10® 108
1072 107" 102 107" 1072 107"
Ah Ah Ah
t=10"3 t=10"2 t=10"
100 100 100
2 < o
[e] o o
w 102 w102 w 1072
2 2 2
= =2 =2
8 -4 8 -4 8 -4
o 10 o 10 o 10
<< < <
1S € €
E E £
= 10 5 106 5 10
3 —— LMAPS 3 —— LVMAPS & —o LMAPS
= -+- LDRBFCM = -+- LDRBFCM = -+- LDRBFCM
—-<-LIRBFCM —-<-LIRBFCM -<-LIRBFCM
108 108 108
1072 107" 1072 107" 1072 10
Ah Ah Ah
Fig. 5. Errors as a function of minimum distance between nodes at different time with the time step At=10"">.
t=103 t=102 t=10"
107 — - 1072 102
Q« q. .q «Q
< < W
o 10% ‘ < ® 104 "«“4 : : c'«‘* o 10
S - - S * ‘ S
m “ “ m w
2 10 “ “ 2 10 2 108
= = =
2 ) ! 2 2
Q < Q Q Q
< 108 . . < 108 < 108
Yqetsssssssssnnd o LVAPS © LMAPS °© LMAPS
00000 + LDRBFCM * LDRBFCM + LDRBFCM
< LIRBFCM <4 LIRBFCM < LIRBFCM
10710 ° ° 10710 10710
-0.5 0 0.5 -0.5 0 0.5 -0.5 0 0.5
y y y

Fig. 6. The absolute errors in y direction for x=0.0, with 51 x 51 uniform nodes and the time step length At=10">, at different time.
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nodes using all three methods. Therefore, all methods give very close
accuracy except when the time is larger. As we see from Fig. 4, for
t=0.1, the LDRBFCM gives slightly larger errors than the LMAPS and
the LIRBFCM, but there is no meaningful difference among the
results since all the errors are very small.

Fig. 6 shows the absolute errors of the temperature at time
t=0.0001, 0.001, 0.01 and t=0.1 at cross section (0, y), where
y=[-0.5, 0.5]. At the time t=0.001 a very challenging
temperature state occurs where the temperature experiences
jump near boundary and is difficult to approximate. As we expect,
the absolute errors near boundary nodes are much larger than at
the center nodes. All errors using the three methods are very
small at this time. The errors at central area are increasing as a
function of time, and the errors at near boundary area are
decreasing. For t=0.01 and 0.1, the errors near boundary nodes

G. Yao et al. / Engineering Analysis with Boundary Elements 35 (2011) 600-609

are smaller, there are two reasons: the analytical temperature
field becomes smoother, and the temperature at the center point
is higher than at the boundaries. Overall, the accuracy of all three
methods is approximately the same.

In Fig. 7 we show the profiles of the average errors and
maximum absolute errors as a function of time using three
methods with 51 x 51 evenly distributed nodes, where At=10">,
We compare the errors based on the given interior nodes at time t
from O to 0.1. The errors are decreasing as t becomes larger. One
can observe numerically the LMAPS and the LIRBFCM methods
give slightly better accuracy than the LDRBFCM when t is larger,
but practically there is no difference. When the time is small, all
three methods perform practically the same.

Fig. 8 shows the profiles of the average errors and the
maximum errors which were obtained on 51 x 51 non-uniform
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Fig. 7. The average and the maximum errors as a function of time with 51 x 51 uniform nodes using the time step At=10"5.
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Fig. 8. Errors as a function of time with 51 x 51 random nodes associated with a different random displacement factor ¢=0.01,0.1,0.2 with time step At=10"5.
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nodes with different displacement factors ¢=0.01, 0.1, 0.2. A
larger ¢ generates increasingly random nodes which gives
different numerical behaviors. For £¢=0.01, the errors of the
LIRBFCM and the LDRBFCM are slightly increased compared with
the evenly distributed node arrangement, but for larger ¢, the
LIRBFCM diverges very quickly.

Figs. 9 and 10 represent the absolute errors using these three
explicit methods for time t=0.001, 0.01 and 0.1 where the errors
are calculated on 51 x 51 evenly distributed nodes and on 51 x 51
non-uniformly distributed nodes with ¢=0.2. The results are
obtained based on both kinds of nodes. For the smaller time, all
errors show the same accuracy and the errors at the corner points
are relatively large since the neighbor of the corner points
includes only two boundary nodes in the evenly distributed
node arrangement. For non-evenly distributed nodes, the
LDRBFCM and the LMAPS perform much better than the LIRBFCM.

All the methods are made locally over a set of overlapping sub-
domains and the time stepping is performed in an explicit way, the
radial basis function collocation techniques are used in sub-domains,
small systems of linear equations have to be solved in each time step
for each node and associated sub-domain. The LIRBFCM takes much

Absolute Errors at t=0.001

Absolute Errors at t=0.001
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longer CPU time compared with other two methods since the partial
derivatives of original temperature fields on each direction are
needed, which requires two inverse matrices at each time step. The
matrix on the left-hand side of five-noded small system is
symmetric, non-negative. Due to the difficulty of obtaining closed-
form particular solutions for complicated operator and multi-
dimensional space, the LMAPS may not be available for MQ.
However, in this case, other radial basis functions such as
polyharmonic splines can be selected as the basis function. The
integrations of RBFs on each direction in the domain are needed for
the LIRBFCM, which also yields higher order integrations that may
not be available for some RBFs, but the LDRBFCM can always be used
by direct differentiations of the RBFs. Thus, the LDRBFCM can be
considered as a preferable choice in general case.

5. Conclusions

The present paper represents one of the rare publications
where different meshless methods are compared at the same test.
Three kinds of localized meshless methods were compared for
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Fig. 9. The approximate temperature field at t =103, 1072, 10! where 51 x 51 uniform nodes and time step At=10"5.
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Fig. 10. The approximate temperature fields at t =107, 1072, 10~! with 51 x 51 random nodes with ¢=0.2 and time step At=10">.

Dirichlet jump problem for diffusion equation based on both
evenly and non-evenly node distributions: the LMAPS, the
LDRBFCM and the LIRBFCM. The LDRBFCM interpolates analytical
function using RBFs, the LIRBFCM interpolates the second
derivatives of analytical function using RBFs, and the LMAPS
interpolate the Laplacian of analytical function using RBFs. The
numerical performances of all methods show high accuracy and
the improvement of the accuracies with denser nodes and the
smaller time step length. On the other hand, the LMAPS and the
LIRBFCM give slightly better results for larger time and even node
distribution. For non-even node arrangement problems, the
LMAPS and the LDRBFCM are more stable.
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