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Interval mathematics is a theory of mathematics that deals with ranges of values—called intervals—instead of point-like values.  In this abstract, we detail the basics to understanding our numerical based solvers, but first, an understanding of some basic concepts in several branches of mathematics is presented.  Set theory, numerical method theory, differential equations, and a familiarity with error control are all crucial to successfully understanding the basics of this paper.  We start with an overview of interval mathematics citing some basic examples, and we follow up with the work we have already done.  We conclude with a description of future work.
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Fig. 
1
.  Number line example of interval.
)Interval mathematics is a hybrid field of mathematics, with roots in set theory and number theory, among others.  Like sets, intervals are designed to hold more than one number, in fact, intervals are meant to hold all numbers between two defined numbers.  Intervals are denoted by two numbers separated by a comma within parenthesis and brackets.  A visual aid is included:  the interval is represented as a line segment on a number line (see fig. 1).  Additionally, intervals obey different arithmetical rules than numbers.  For example, interval addition is rather straight forward:   whereas interval multiplication can be misleading and tedious: 
There are many advantages inherent to intervals.  Interval arithmetic automatically provides bounds for true solutions to problems in simple arithmetic.  Applying the above example of interval multiplication, if we wanted to know the force of gravity on an object of estimated mass in Mars’ gravitational field, and we didn’t know either the mass of the object or Mars’ gravitational field strength at our position, we would have to estimate.  Using a version of Newton’s second law and only one operation in interval mathematics—interval multiplication—we can see that the force would be in the resultant range given as the interval product of these two interval estimates.  This is only one example of interval mathematics in practice.  
Many practical applications of interval mathematics exist.  In engineering, measurements are important, but are often imprecise.  Even though much care goes into the calibration and maintenance of measuring tools, exact measurements are not, and usually cannot be known.  This is mathematically analogous to truncating irrational numbers to a finite number of digits (see fig. 2 and fig. 3).  In the past, these errors have been neglected, acknowledged (but without correction,) and attempted to be corrected using various error correcting formulae—however, these methods stand firm in the resultant notion that the final solution is the most correct.  In many circumstances, this may or may not be true, but with interval mathematics, discretization is put to work in the favor of the researcher.  Interval methods allow scientists and engineers to release the naïve reliance on point-like mathematics.  No matter the infinitesimal scope of the discretization of the instrument (see fig. 2), there will always be an error in measurement.  Interval mathematics provides a medium to handle this error efficiently and effectively.
	Interval mathematics provides more than just a means to meliorate the example applications outlined above.  We have been researching a particular application of interval mathematics to the field of numerical methods.  We are devising a method to numerically solve stiff ordinary differential equations (ODEs) with error control and adaptive time stepping.  The ODE we have been using is of the form:  where an initial condition is known, . Using the Backward Euler method, we arrive at a nonlinear system, .  At this point, our research branches into two different methods of solution.  One of the branches solves the nonlinear system using a Newton-based solver approach.  The other solves it using an approach similar to the bisection method, called the subdivision-boxing method.  Once the nonlinear system is solved, the process moves to an error control system, to make sure error is within specified limits.  If the error exceeds these limits, the algorithm is programmed to decrease the time-step size, and retry.  The algorithm reaches completion when it finishes the operations for the final user-specified time.
Right now, our algorithms provide valid experimental results.  We are working on developing a theoretical validation for our approach, and over the summer we have looked into utilizing a case-by-case analysis.  More work is required in validating our algorithms; however, the empirical data is reassuring, as the algorithm has worked with every ODE tested so far.
There are many challenges embedded in this project.  The first challenge is the breadth of background information required to even start the project.  As we mention in the beginning of this overview, numerous branches of mathematics are involved with this project.  Set theory is of notable importance, as it provides a mental infrastructure crucial to understanding interval mathematics.  Knowledge of differential equations and error bounding are also highly useful.  Other foundations include knowing the nature of numerical methodologies such as Newton’s Method and Euler’s Method.  Finally, there is quite the learning curve to both Matlab and Intlab (a Matlab package designed to compute intervals).  In conclusion, we are happy to have explored such a broad basin of knowledge to work on this problem.  It has been challenging, and with more work, we should be able to accomplish our goal of getting this paper published in a journal.


Table of Figures with explanations

 (
Figure
 2
.  
Here we have an example of something being measured using different measuring devices.  The further we zoom in on the object, the more evident it becomes that the true value of the measurement even eludes our hundred-thousandth (10
-5
) place of precision.  Prospective intervals are in blue.  From left to right, the intervals are (5.25,5.50), (5.33,5.34) and (5.33768,5.33769).
  Notice that the interval gets smaller from left to right and would eventually converge to a single point interval; however, finding this point of convergence would require highly specialized tools, not readily available in the world.
)

 (
Figure 4.  This graph shows how interval coefficients on functions can enclose the true solution.  Using f(x) = x
2
 as the true solution, the graphs based on the infimum and supremum show that they enclose the true solution.  If there were some uncertainty in the coefficient, we have shown that the true solution can be bounded by the interval function.
) (
Figure 
3
.
  
Computers store numbers in terms of rational numbers.  Therefore, when calculating irrational numbers using computers, there will be an error due to discretization.  In the example 
above
, the famous constant, π, is represented in an interval.  Instead o
f using all of the known digits 
of π, which would be costly
 in implementation
, we can use a range of values in which we know π exists.  Even more conveniently, we won’t have to change the precision of the number system to enclose solutions involving π. 
)
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Graph of f(x) = [0.8,1.2]x? on [1,2] as
estimate of f(x) = x2
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Plotting of A = [4,7] on
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[1,2] +[6,8] = [7,10].
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[1,2] X [6,8] = [min(1 6,1 %8,2%6,2+8),min(1+6,1%8,2x%6,2+8) =1[6,16].




