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Abstract

Quantum computation gained interest after Shor proved that factoring can be solved using a quantum algorithm. Error correction became an important issue since errors could destroy the coherence of quantum computation. Despite the prevailing notion that quantum error correction would violate the No-Cloning theorem, Shor proved that a simple 9-qubit-quantum code exists. Since then quantum error correction codes have been a focus of interest in the mathematical and computer science community. In this report we study bounds for classes of quantum error correction codes. Our initial focus for research is on a simple class of quantum codes called weakly self-dual codes. We propose to investigate the limitations and bounds for these weakly self-dual codes. 

Introduction

Simply put, quantum computation is the study of performing computations using the principles of quantum mechanics and quantum information is the data on which these computations are performed. This field of Quantum Computation and Quantum Information is relatively new. In the early 1980's Feynman had said that a computer modeled on the principles of quantum physics rather than classical physics could model quantum mechanical systems, however research in this field hardly progressed for the next decade or so. It was not till 1994, when Shor came up with a quantum algorithm, which could efficiently find the prime factors of an integer, theoretically. The successful demonstration of this algorithm has serious implications on the present public key cryptosystems. The military and most of the prominent banks use one such system, the RSA cryptosystem, named after its creators Rivest, Shamir and Adleman. These cryptosystems rely on the fact that extremely large numbers are "impossible" to factorize on present day classical computers. Fortunately or unfortunately Shor's result was only theoretical. However his algorithm sparked interest in quantum computation and speculations as to whether a computer governed by the principles of quantum mechanics was possible. Currently, those working in the field of Quantum Computation and Information are trying to find quantum algorithms to solve NP problems.

However, when it came to the physical realization of a quantum computer, physicists encountered fundamental practical problems. The quantum computers, which have been built so far, have been found to be extremely sensitive to external influence. Unlike classical computers, the errors made by a quantum computer form a continuum, and so the accumulation of errors would most certainly destroy the coherence of the entire system. Therefore, an efficient yet non-classical error correcting is required to be found in order to do successful quantum computation. Such type of error correction was considered impossible, since classical error correcting is done mostly by duplication, whereas the no-cloning theorem prevented such duplications. It was not till 1995, when Peter Shor came up with an algorithm to correct a single error in the system. Though this might seem a small step, correction of even a single error had been considered impossible and this lead to stagnation in this field. After Shor's error correcting code, many other codes came up, which circumvented the no-cloning theorem. Andrew Steane in 1997 came up with a more compact code. Together Calderbank, Shor and Steane came up with

the a general form of error correcting codes called the CSS codes. Daniel Gottesman came up with yet another set of codes called stabilizer codes which encompased CSS codes. Most Quantum Error Correcting codes (QEC) have been found to be within the realm of stabilizer codes. Many classical error-correcting codes have found a quantum parallel, like the Hamming code and the Reed-Muller code. The key to good quantum error correcting is not just to protect transmitted information, but also to dynamically correct errors while undergoing computation. The area of fault tolerant computation has come up and uses the idea that an arbitrarily.

The next section is the background, which will explain in more details what quantum computation is and what makes it different from classical computation. After the background, the proposed research section will follow with initial results. There are many directions in which one can go in QEC. Based on the background research, a study and classification of current classical codes will be helpful to improve the present QEC codes. Also there has been some evidence that QEC codes can be modeled with Graph theory. A QEC code, which is represented as a graph, will lend more insight into how one can improve or optimize a code. These are the main areas where research could be fruitful. Another interesting area would in finding an optimal solution for small codes. This area however is more specific than the other two areas described above.
Background

What exactly is quantum computation? Classical computers at the most basic levels use bits 0 and 1 as data and use the nand, nor and other gates to perform computations and manipulate this data. In quantum computation, qubits or quantum bits are said to represent data. These bits could physically represent subatomic particles. Suppose there is a 1 qubit system represented as |(0( at time t=0, then the state evolves over time in the following manner:

|(t( = U(t) |(0(
Such is not the case with a classical system. Qubits can be also represented mathematically and it is easier to do computations on these mathematical models. A qubit can be a value of a |0> or a |1>, same as a classical a bit, in addition to this it can also a linear combination of |0> and |1>. This property is called superposition. Here |0> and |1> are the basis unit vectors of a complex vector space of order 2 or the space C2. The notation of representing a vector as |.> is called the Dirac notation used in quantum computation.

The unitary function U(t) can also be modeled mathematically as a unitary matrix. A unitary matrix U is such that U-1 =  Ut , where Ut is the hermitian (transpose and complex conjugate) of a matrix.  Unitary matrices are infinite and act like the gates used in classical computing. The difference between them is that Unitary gates are reversible will classical gates are not.

So one can represent and transform quantum data using mathematical models. This makes it more abstract and one can deal with quantum computation on a purely mathematical basis. 

It is not just sufficient to represent and compute data; one needs to also measure it. Measurement in quantum computation is more complicated than its classical counterpart. Classical computing relies on the deterministic process for computation but because of the property of superposition, measurement in the quantum sense needs to be probabilistic. This is because a quantum bit can be measure only once, on measuring the state of the system is disturbed and the system collapses, as a result the quantum bit becomes a classical bit. After a brief introduction to linear algebra, the axioms of quantum computation will be discussed. How data is represented, the unitary transformations and how the probabilistic measurement is done. 

So quantum computation can be done, at least, in theory but though there are some major problems associated with the actual simulation of these computations physicists, mathematicians, computer scientists are willing to put a lot of effort into this field. The reason is due to the tremendous promise that computation in the world of quantum mechanics has shown. The quantum world possess characteristics which are considered improbable if viewed in a classical light though physicists do say that the classical world could also be explained using the quantum mechanical principles. One of the strange characteristics already mentioned is that of superposition. A quantum bit in the state of superposition is equivalent in information to 2 classical bits. This is one of the properties, which make quantum computation so powerful. Another strange property is that of entanglement. Sometimes two qubits are formed in a unique manner. When even a large distance (light years) separates these qubits, one qubit can predict the position of the other. Though this strange property has not yet been explained, it has been exploited in quantum computation and used in teleportation algorithms. There is also the property of decoherence, which is essentially noise which develops. Quantum systems are very prone to noise and can easily become decoherent. This was one of the first enemies of practical computation and as a result quantum error correction was necessary. 

Though quantum computation has shown a lot of promise, it must be noted that every classical problem may not have a quantum solution, even if it does, this does not mean that such a solution will always be preferred over the classical one. There have been quantum algorithms, like the factoring algorithm, which are superior to any known classical algorithm. The goal of quantum computation is not just to find a solution but one, which is considerably more efficient than a classical one. 

Notations and Introduction to Linear Algebra

In order to understand the math behind quantum codes, one has to have basic knowledge of linear algebra and vectors and should also be familiar with the notation used.

The following are some of the most common notations with their meanings.

	Dirac Notation
	Description

	z*
	Complex conjugate of the complex number z

	|
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 EMBED Equation.3  [image: image2.wmf]ñ


	A vector, often referred to as ket
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|
	Dual of |
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called bra
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	Inner Product between |
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 and |
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	|
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	Tensor Product between |
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 and |
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, also represented as |
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or |
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|
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	A*
	Complex conjugate of each element of a matrix

	AT
	Transpose of a matrix

	At
	Hermitian conjugate or adjoint of matrix A , At=(AT)*
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|A|
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	Inner Product between |
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 and A|
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, or At|
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 and |
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Vector Spaces

These are the basic “objects” of linear algebra. The vector space used must often in quantum mathematics is Cn which is a space of all n-tuples of complex numbers 1 through n. The elements of a vector space are vectors and we can use column matrix to represent them
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where z1 … zn are complex numbers.

Bases Vectors of a vector space

Bases vectors or spanning set of vectors of a vector space are such that any linear combination of them can be used to represent a vector of that vector space.

For example for a vector space C2, the spanning set could be:

|v1
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, any vector |v
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can be written as a linear combination of v1 and v2.

|v
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=a|v1
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+b|v2
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One can also construct a different spanning set.

|v1
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. Spanning set vectors are linearly independent.

The number of elements of a basis set vector is the dimension of the vector space. In general we deal only with finite dimensional vector spaces.

Linear Operators

 A linear operator is a function A, between two vector spaces V and W such that, 

V goes to W, and which is linear in its inputs.

Inner Products

One can think of inner product as a function which takes as input two vectors and returns a complex number as the output. As we have seen earlier the inner product of two vectors belonging to the same vector space is denoted with 
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v|w
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or (|v
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,|w
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), where 
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v| is the dual of |v
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. As one represents |v
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 as a column matrix the dual can be represented as a row matrix.

A function is the inner product of a vector space V to the complex number C, 

if the second argument (in this case |w
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) is linear

if  (|v
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,|w
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)=(|w
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,|v
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)*
(|v
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,|v
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 0, if and only if |v
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If such a function exists, then the vector space is called  the inner product space or Hilbert space.

Tensor Products

Tensor products are a way of creating larger vector spaces from smaller ones. If there are two vector spaces V and W of dimensions m and n, then V
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W is of dimension mn. One can denote tensor products using matrices. If A is a matrix of dimension m*n and B is a matrix of dimension p*q. Then:

A
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B=
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Eigen values and Eigen vectors.

An eigen value for a linear operator or a matrix A is such that when multiplied with a vector |v
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:

A|v
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=v|v
[image: image73.wmf]ñ

, where v is the eigen value for A and is also a complex number. One can determine the eigen value of a matrix A by something called the characteristic function which is c(
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Axioms of Quantum Computation

There are three main axioms, representation of data in the form of quantum bits or qubits, performing computations on this data using unitary transformations and measurement of the output. This report will go only into the representation of quantum data and not into unitary transformations and measurements as the latter are not required for this report and if their explanations were included would take unnecessarily take up a lot of space.

Qubits

As mentioned earlier, qubits can be modeled on an abstract level, mathematically. A single qubit can be |0
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 or |1
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 or a linear combination of both.

Where, 
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A qubit is generally represented with the symbol 
[image: image80.wmf]y

 and mathematically represented as
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where, ( and ( are complex numbers. Also not that | 0 
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 is the dual of | 1
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This representation means that on measuring | 
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 there is a chance of getting | 0 
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with a probability of 
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 and a chance of getting | 1 
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One can also have systems, which are double or triple or more qubits. A two-qubit system would be a combination of two qubits. 

If the two qubits are:
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Then the two qubits system formed will be:
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where the basis vectors are,  
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Proposed Research

Initially the research will be concentrated on a class of CSS codes called weakly self-dual codes. This again uses the concepts of classical linear code and the concept of a dula code. A dual of a code is all the code words y, which are orthogonal to all x in a code C. A weakly self-dual code is a code where C(   (dual of code C) is a subset of C. When C( ‑equals C, the code is called strictly self-dual. The advantage of weakly self-dual codes is that one code can be used to formulate a CSS code as in the case of Steane’s 7-qubit code, so one does not have to find two separate codes which work as a CSS code. The research will try to answer several questions regarding the self-dual codes.

The Steane 7 qubit is a specific CSS code, here C1 and C2 are C and C( respectively. The condition that C(
[image: image101.wmf]Í

C is satisfied. This is a weakly self-dual code and uses the classical Hamming Code [7,4,3] (which means the code encodes 4 bits in 7 bits

· Is it possible to find weakly self-dual codes, which are smaller than the Steane code?
The Steane Code encodes 1 qubit to 7 qubits and can correct a single error on a qubit. Though this is could uses two qubits less than Shor’s 9-qubit code, it needs to be investigated whether one can encode a qubit to a smaller number of qubits than 7. There is a 5-qubit code, which also protects against a single qubit error, but this code is not a CSS code but belongs to a different class of codes called stabilizer codes. 

· What bounds are obtained by increasing the size of Hamming Codes?

Hamming codes are extensively used to formulate quantum codes. As mentioned earlier, Steane has used it for the 7-qubit code. Hamming codes form a family of codes; investigation as to whether the code becomes more useful or has no effect whatsoever, with increase in the code space n would be interesting. 

· Are there other classical codes, which can be used to form weakly self-dual codes?

Linear Codes is just one set of codes which was used in developing the CSS codes. There are many other classical codes, which could be used to develop analogous quantum codes. There have been certain codes under speculation like the Reed-Muller code and the BCH code. A study of these codes would be useful as they are widely used in classical error correcting. We plan to study these codes and research for parallel quantum codes.

· Are there other codes, which can correct more than one error, efficiently?

So far, codes with which can correct an error acting on a single qubit have been shown. Whether one can find small codes which can correct more than one error will be researched.

· Can codes that make use of spatial errors be found? 

Suppose an error strikes at relatively large distances, then codes can be used to concentrate on correcting errors in smaller areas. So a code will worry about correcting codes which are closely located spatially.

The research on weakly self-dual codes is short-term research. On a more long term basis, a study of graph theory in relation to quantum error correction will be suitable.

For the summer, as mentioned we concentrated on CSS codes. We found that the classical Hamming code is inefficient regarding number of error corrections. On encoding 4 bits into 7 bits using the Hamming code, the code can correct just error. Even on increasing the size from 7 to 15 bits, 31 and so on, one can still correct one error. Search for other codes is undergoing. Nonlinear codes like the Hadamard code using Hadamard matrices are being researched in order to find more efficient error correcting codes. The Hadamard codes are more efficient in terms of correcting errors but encode bits closer together. CSS codes require two codes. Traditionally classical linear codes are used and the principle of duality is used to correct the errors. It is also a possibility that a nonlinear code and a linear code could be used and we are trying to find such combinations. The conditions that need to be satisfied to use any two codes for the CSS construction is that code C1 and dual of C2 must correct t errors; C2 must be a subset of C1, this condition is quite difficult to prove; and they both should encode into n bits. The properties of duality are utilized mostly by C2, so one could have C1 as a Hadamard code(one can’t find the dual of Hadamard codes) and C2 could be a linear code. 

The above research is currently undergoing to try and answer the question of find codes which can correct more than 1 error efficiently 
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