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This project begins with a wheel rolling on a table. Actually, two parallel wheels, connected by rods at the perimeter. Add weights to the lower half of each, bringing the center of mass down, so the wheels can rock back and forth. Directly above the center, mount an axle. At its midpoint, suspend a rigid pendulum that can swing parallel to the wheels. Now set the wheel heavy-side up, raise the pendulum to its apex, and let go. What happens next?

By applying the rigorous principles of physics and wielding the great sword of mathematics, we can conclusively determine that it is, in fact, impossible to know what happens next. The system is chaotic.

With only gravity and a normal force acting externally, with only a wheel and a pendulum acting on each other internally, with the behavior of each part well-known for centuries, the combination defies analytical solution. This system has two nonlinear differential equations that describe its motion. Let us now trace their derivation.

We begin with a diagram,
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Fig. 1

Fig. 1 shows a wheel of radius r. Its center of mass is located at cmw, a distance c from its center, m. In the opposite direction is an axle a, a distance p from the center. The axle serves as a pivot for a pendulum whose center of mass, cmp, is a distance l from the pivot. To describe the mechanics of the system we calculate its kinetic and potential energies, and write the Lagrangian, L, as their difference. Then we use the Euler-Lagrange equation for each dimension w,
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The kinetic and potential energies can be derived from first principles. Note that only α and θ are function of time. The other letters, r, c, p, and l, represent constants. Four additional constants must be introduced: the mass of the wheel, M; the mass of the pendulum, m; the moment of inertia of the wheel about its center of mass, I; and the moment of inertia of the pendulum about its center of mass, J.

As the wheel turns through an angle θ, the center of the wheel is displaced horizontally by -rθ. The center of mass of the wheel is displaced horizontally by c·sinθ - rθ, and vertically by -c·cosθ. By taking time derivatives we get the components of the velocity of the center of mass of the wheel,
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Summing their squares gives the square of its velocity, and the translational kinetic energy, [image: image5.png]


, follows. Adding the rotational kinetic energy, [image: image7.png]- M2
>



, yields the total kinetic energy of the wheel,
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The wheel's potential energy, taking the center of the wheel as height zero, is
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Similarly, the kinetic and potential energies of the pendulum can be found, and they are
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and
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Now the Lagrangian is [image: image13.png]L=K, +Ky— Uy, —



 and the equations of motion are found by solving
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and
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The result is a pair of equations, one for [image: image17.png]


 and one for [image: image19.png]


, which are more easily expressed by making substitutions. If we let
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Then we can write

[image: image27.png]



[image: image28.png]



With those equations, the system can be tackled numerically. In this project MATLAB was used for that purpose. Employing the ode45 solver, a variety of parameters were tested for interesting behavior and sensitive dependence on initial conditions.
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Fig. 2

Fig. 2 shows the chaotic behavior of the system. As can be seen, the wheel sometimes rolls one way, sometimes the other, and sometimes rocks back and forth. Similarly, the pendulum can spin either way or oscillate. The final step in the project was designing a real working version and having it built in the shop.
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